Introduction.
In this paper, we employ energy inequality methods to investigate properties of certain finite difference approximations to mixed initial-boundary value problems for second order quasi-linear hyperbolic equations of the form d2u d2u / du du\
We shall consider finite difference approximations to equation (1.1) using as principal part the implicit finite difference operator L defined by (1.2) U>(x, t) m <b-n(x, l) -a(x, t)<pxi(x, t)
where the barred subscripts denote backward difference quotients and the unbarred subscripts denote forward difference quotients. The fundamental problem concerning such finite difference approximations to (1.1) is to show that their solutions tend with diminishing mesh size to the solution of (1.1). Actually, it is sufficient to prove that the difference equations are stable since the convergence of a finite difference scheme can be derived from its stability (2) in a way which, by now, has become standard (e.g. see Douglas [2] , F. John [6] and Lax and Richtmyer [7] ). The stability of the difference schemes considered in this paper are deduced from an energy inequality satisfied by the difference operator L. This energy inequality is a discrete analogue of the well-known energy inequality of Friedrichs and Lewy [5 ] for second order hyperbolic equations. The energy inequality for L states that any function <p together with its first order difference quotients can be estimated in the mean square along time lines in terms of Ld>. It is the fact that the first difference quotients of <p can be estimated in terms of L<p that enables us to treat difference approximations to differential equations which have nonconstant coefficients. It also enables us to treat certain quasi-linear equations.
Energy methods have been employed previously to deduce the stability of two explicit difference approximations to initial value problems for hyperbolic equations by Courant, Friedrichs and Lewy [l] and Friedrichs [4] , The former authors derived a stability condition for an explicit difference approximation to linear second order hyperbolic equations. Friedrichs gave a procedure for the construction of a stable explicit difference scheme for symmetric hyperbolic systems. These explicit difference schemes are conditionally stable, i.e. for stability, the mesh ratio must not exceed a certain bound which depends on the position of the characteristics of the differential equation relative to the mesh of the underlying lattice. The difference schemes considered in this paper are unconditionally stable, i.e., there is no restriction on the size of the mesh ratio. This is to be expected with implicit difference schemes.
Douglas [2] and Lax and Richtmyer [7] have established conditions for the stability of a wide class of difference approximations to hyperbolic equations amenable to Fourier Analysis or separation of variables technique. Their results do not apply to equations of the form (1.1).
In the final section of this paper, we consider semi-discrete approximations to the equation (1.1), i.e., difference approximations in which only the derivatives with respect to x are replaced by difference quotients. In addition to establishing the stability and convergence of such semi-discrete approximation schemes, we show that in many interesting cases it is possible to derive an explicit error estimate. Semi-discrete approximations of this type have been investigated by Douglas [3 ] for parabolic equations.
2. Preliminaries. Let fi denote the rectangular region 0<x<l, 0<t^k, and let ii denote its closure. The set B = fi -fi is called the boundary of fi. We decomposes into the three segments B° (Q^x£l,t = 0),B1 (x = 0,0 <t^t0) and .B2 (x = 1, 0 <t ^ 10). Note that B is not the set-theoretical boundary of fi. For functions 0(x, f) defined on the lattice we employ the following notation for their forward and backward difference quotients.
*,(*, 0 = h-^x +h,t) -<p(x, t)],
Difference quotients of order higher than the first are formed by repeated application of the above formulas, for example,
We shall not use subscripts to denote partial derivatives so that no confusion between partial derivatives and partial difference quotients can arise.
We introduce a hyperbolic differential operator M defined as follows:
where aix, t) satisfies the following two conditions. There exist constants
Pi ii = 0, 1, 2) such that
As an approximation to M we take the implicit finite difference operator L defined by It is readily verified by Taylor's theorem that the difference operator L is consistent [6; 7] with the differential operator M, i.e., for any twice continuously differentiable function u on fi, we have
at each point of fi. 3. The energy inequality. If u is any twice continuously differentiable function defined on fi which vanishes along x = 0 and x=l, then the energy inequality of Friedrichs and Lewy [5] spates that there exists a constant C depending only on pt (i = 0, 1, 2) and T such that r1, | rl\du 12 r^du 12
In this section, we prove that the difference operator L satisfies an analogous inequality. Before proving the energy inequality for L, we give two lemmas. Lemma 1. Let w(i) and p(t) be non-negative functions defined on the discrete set A= \2k, 3k, ■ • ■ , Mk}, (k>0). If C^O, p(t) is nondecreasing and
Proof. Let h he an arbitrary point of A; ti9£2k. Yet n(t) be that function on A defined by the formula
and set 77(12) = max t](t).
Then by (3.2)
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Therefore, n(tf) ^p(ti). It follows that
Since h was chosen arbitrarily from A, the lemma is proved. It is necessary that the upper limit on the sum in (3.2) be retarded. In The next lemma gives a finite difference analogue of two differential identities used in the proof of the energy inequality (3.1).
Lemma 2. Let d>(x, t) and a(x, t) be functions defined on D. Then at each point (x, f)(E.D we have
where a(x, t) =a(x -h, t).
Proof.
Hence,
[<p2(x, t)]j = 2<b(x, t)4n(x, t) -kpu which proves (3.3).
Using the difference product rule
we obtain
The identity (3. 
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As an immediate consequence of Theorem 1, we conclude that the implicit difference operator L is stable (in the mean square norm) in the sense of [2; 6; 7] . Note that in the proof of Theorem 1 no relation between the mesh widths h and k was assumed. This means that the difference operator L is stable for all values of the mesh ratio \ = kh~l.
Another immediate consequence of Theorem 1 is the following approximation theorem [2; 6; 7] . Theorem 2. Let u(x, t) be a solution of the hyperbolic equation Mu = F(x, t) in fi which satisfies the initial and boundary conditions u(x, 0) = /(*), du/dl(x, 0) = g(x), u(0, t) = hi(t), u(l, t) = hi(t).
Suppose that d2u/dt2 and d2u/dx2 are uniformly continuous in fi. Piix, t) = -4>x(x, t) + -d>x(x, t).
We assume that F(x, t, £i, £2, £3) is a continuous function with uniformly bounded partial derivatives with respect to its last three arguments. If G(x, t) = F(x, t, 0, 0, 0), then the energy inequality for the difference equation To prove (3.14) we first consider the case when P is of the form (3.15) Fix, t, iu fe, fe) = Gix, t) + £ aiix, flfe t-i and the functions a,-(x, t) are uniformly bounded on Q. Replace Lcp in the energy inequality by F. Estimating *||p||o,i from (3.15) and applying Lemma 1, we obtain (3.14) in this special case. In the general case, we use the integral form of the mean value theorem to write (3.13) as a linear equation, i.e., since Fix, I, fe, fe, fe) (3.16) * r'dF = Gix, t) + £ fe -ix, t, Xfe, Xfe, Xfe)dX.
,-_i J o ofe L can be thought of as a linear operator and (3.14) follows from the special case since the partial derivatives | dP/dfe|, (*= 1, 2, 3) are uniformly bounded. We now show that the energy inequality implies that the difference equation (3.13) has a unique solution for all sufficiently small k when <j> is prescribed on dDi3). Consider first the case when F has the form (3.15). It is readily verified that the difference equation (3.13) is equivalent to a system of (M-2)iN-2) linear algebraic equations in (M-2)(iV-2) unknowns. If G = 0 and <j> = 0 on dD, then these equations are homogeneous. It follows from (3.14) that this homogeneous system has only the trivial solution <p = 0 in D. Hence, its determinant is nonzero. This proves that (3.13) has a unique solution when F is of the form (3.15). 
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[January solution. The uniqueness of this solution follows immediately from (3.14). When F is nonlinear, the solution of (3.13) usually is obtained by an iteration procedure. However, it is possible to modify the operator L in such a way that it can be solved simply by inverting the M-2 tridiagonal matrices associated with the difference operator L. Let us approximate the expression Mu by the expression (3.17) Lp(x, t) = Ld>(x, t) -F(x, I, <p(x, t -k), <px(x, t -k), Pi(x, t -k)), where Lp is given by (2.4) . It is readily verified that any solution <p of Lp = 0 satisfies the energy inequality (3.14). Since the nonlinear part of F is evaluated at t -k rather than at t, the solution of Lqb = 0 is obtained at each time step by inverting the M-2 tri-diagonal matrices associated with L.
Note that the difference operators L and L are consistent with the hyperbolic operator M in the sense of (2.5) . This is necessary in order that L and L lead to convergent difference approximations to Mu = 0. 4. Stability of a nonlinear equation. Although the hyperbolic operator M introduced in the previous section is nonlinear, the restrictions on the partial derivatives of F are quite severe. Consider the nonlinear equation
Mu(x, t) = F(x, t, u(x, l)).
Yet us assume that F satisfies a limitation of the form Note that the nonlinear part of (4.3) has a retarded argument in t. Our proof that (4.3) is stable requires that this argument be retarded. Before proving the stability of (4.3), we give a generalization of Lemma 1. It is readily verified that f is given by the right side of (4.5).
Consequently,
Therefore,
•=2* It suffices to prove that fit) ^co(t). In the contrary case, there exists a value of t>2k, say t = h, such that o)(h)>f(ti) and u(t)^f(t) ior 2k^t<h. From As an approximation to the hyperbolic operator M, we take the semidiscrete operator Mn defined as follows:
The equation Mh<p = 0 in Dh is equivalent to a system of N-l second order ordinary differential equations. Clearly Mh is consistent with the hyperbolic operator M.
By modifying slightly the arguments of §2, we obtain the following energy inequality for M"- Let p=dd>/dt. Then p is a solution of the system d^ 1 dp da Repeating this procedure, we conclude that ||33<£/d23||li( is uniformly bounded by a constant which is computable from /, g, a and their derivatives. Using this result and equation (5.2) we obtain the existence of a constant C3 satisfying (5.4). 
